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QUENCHING OF ADAPTIVE CONTROL SYSTEM RESPONSE TO TEST SIGNAL
by
Rufus Oldenburger#
and
Iuther Schrock¥*

Purdue University

In adaptive control,a test signal may be used to identify the parameters of
the system to be controlled, -A—-tveot-signal-disturbs .the gystem. It is therefore
desirable to el ate the effects of this signal as soon as the identification
has been conpletodn After identification a quenching signal may be introduced to

eliminate the system Yesponse to the test signal, The systems treated here are

described by linear dif¢e equations with slowly varying coefficients. The

nature of the quenching depends on whether or not it is bounded or unbounded.
The unbounded quenching signal is a linear combination of a properly weighted
impulse and derivatives of an impulse. The weights are determined by the initial
conditions on the system at the instant of quenching and the system parameters.
Unbounded quenching is considered to be optimum if the response to the test signal
is eliminated with minimum integral squared error. The bounded gquenching signal

is obtained by scheduling the lengths of time its value is either at the upper or
lower bound. The quenching signal is determined by the test signal and the system
to be controlled. Therefore as soon as the system i1s identified quenching can be
accomplished by scheduling regardless of the other disturbances to which the system
is subject. The method applies to the cuenching of system response whether or not

adaptive control is involved.

#  Director, Automatic Control Center; Professor of Mechanical Engineering
## Research Assistant, School of Mechanical Engineering

*) | Y I/L / a
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INTRODUCTION

State space for a system described by a differential equation of nth order
is defined as a system of cartesian coordinates where the ordinates are the
controlled variable and its first n-1 derivatives. The normal state of a system
is the state due to the normal input. The normal input is the input to the system
in the absence of the test or quenching signal.

Adaptive control is indicated where the parameters of the system to be
controlled are time varying. It is important to know the value of the parameters
to match the controller to the system. The determination of the parameters of
the system is commonly referred to as the "identification problem". One method
of identification is to use the normal input and the corresponding system resnonse.
The other is to introduce a test signal. The test signal disturbs the system,

The\resronse to the normal input is often difficult to distinguish from the noise

In such cases a test signal for which the system response dominates the
noise is pheferred to the normal input.

Mishkin,\Braun, Corbin, Merriam and others present techniocues for solving the
identification lem . 4 i . /

We-propese—the ;daptive control oho‘r-#ﬁ-guﬂ—l The switches are closed
during normal operation and open for the period of identification. The switches
may be omitted, but then the computation becomes much more difficult. A test
signal is used for identification to eliminate the effects of the test signal,

The theory is restricted to controlled systems described by linear differential
equations with constant coefficients. The form of the equation is known at the
start but not the values of the coefficients which are parameters. It is assumed

that the parameters of the system vary slowly enough so that they may be considered

constant during identification.p\Immediately after identification the



parameter values are available to calculate the ocuenching signal. The response
to the test signal may then be quenched by scheduling determined only by the
test signal and system characteristics. This signal is independent of the other
disturbances to which the system is subject.

The nature of the quenching signal depends on whether or not it is bounded.
It will be shown that the unbounded quenching signal is a linear combination of a
properly weighted impulse and derivatives of an impulse, The order of the highest
derivative is one less than the order of the system. The weights are determined
by the state of the system at the instant of quenching and the system parameters.
Unbounded queuching is considered to be optimum if the response to the test signal
is eliminated with minimum integral squared error. The bounded quenching signal
is obtained from a "bang-bang" controller. The signal is either positive or
negative and its absolute value is less than or equal to a constant. Oldenburger,
LaSalle, Bellman, Rogonoer and others mresent methods of ébtaining the control
functions necessary to determine when the signal is positive or negative.2, 3, 4, §

The control time is defined as that time interval during which the bounded
quenching signal 1is either positive or negative. The control functions for a
bang-bang controller are used to obtain the control times. These time intervals
are expressed as functions of the test signal, the magnitude of the ouenching
signal and the system to be controlled. The quenching signal ie introduced by
scheduling the control times. For some systems the control times are independent
of the system parameters., A computer may be readlly programmed to compute the
control times if they are not independent of the system parameters.

Not all systems are treated; however the method is satisfactory for a large
class of simple systems. For the general second order and higher order systems
the expressions for the control times become complicated and impractical without

approximations.



GENERAL THEORY FOR CASE OF UNBQUNDED QUENCHING SIGNAL

The general system is shown in Figure 2, It is assumed that this system is
linear and that g(t) is its impulse response. The Laplace transform G(s) of g(t)
represents the tranafer function of the system.

The signal r(t) may be the normal input or an equivalent input due to
disturbances entering the system at other points. The extra signal m(t) is
composed of two components mj(t) and mq(t.). Here my(t) is the test signal for
identification and mq(t) is the ocuenching signal introduced to drive the system
to the normal state. In general r(t) is a function of time, either deterministic
or random.

Since the system is assumed linear, supsrposition holds and the output e(t)
is the sum of the responses to the three inputs r(t), my(t) and mq(t). The three

outputs are given by the convolution integrals

(-]
oy(t) = _[ g(t-c")my (9= )d "

00
(-
ct) = [ alt-Ting(TIaT 1)
o0
o0
ep(t) = [g(t-A)r(t\)dA

00
where cr(t), c)(t) and cq(t) are the responses to r(t), m(t) and "h(") respec-

tively. Thus
c(t) = cy(t) + cqlt) + cplt) | (2)

We define the system error eq by
°q " -4 (3)

where c, 1s the actual output of the system and cqy is the desired output.



When ml(t.) is introduced the response to this signal is superimposed on the
response to r(t). If the identification requires time T and mj(t) is introduced
at t = O, it is desirable to return the system immediately to the normal state
at t = T. 1Ideally we would like t> return the system with zero error. Figure 3
shows the desired response,

For O=mt=T the system response is the sum of c, and ¢y, For t>T we then

want the output cp. Therefore we define the desired output cy by
cqg " ©p t»T . (4)

We have stated that ideally the system response should be returned to the
normal state with zero error; this corresponds to moving from one point in state
space to another in zero time. Due to limitations on the system and on the power
available, a finite time will be required to return the system to the normal state.
The actual response of the system is shown in Figure 4.

Since the system is not returned to the normal state instantaneously at

t =T the error L is given by

6 = ca-cq = (g *tegre)-c, = ¢ *eg t>T . (5)

Since cq(t) = 0 for t=T it is convenient to introduce a new variable t'

where
tt = ¢t -T7T

and replace cq(t) by a new function cy(t') where

¢2(t') - Cq(f-) .
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Equation (5) may be written in terms of the new variable t' as

e(t') = cy(t? + T) + cp(t') t'=0 (6)
where
e(t!) = eq(t)
We introduce my(t') where
ma(t!) = mo(t)

The integral squared error I is given by

00
I = fez(t')dt.'. (7)

°
By Equations (6) and (7) we obtain

I - -[‘[’c?(t' + 1)+ 2ep(tt * Deale') + e3(e1)] avr . (8)
The error and hence the integral squared error is zero if
ca(t') = =cy(t' + T) t'=0 . (9)
Now cz(t') is glven by the convolution integral

o0
cp(t') = fg(t'-'r)mz("r) aT . (10)
-00

By Equations (9) and (10)

o0
fs(t' ~Tm(T) dT = - cy(t' + T) . (11)
-00

kquation (11) may be solved for mp(t') by taking the Laplace transform of
both sides to obtain

G(s)My(s) = -o([clw . T)] (12)



where Ma(s) is the Laplace transform of mp(t') with respect to the time variable

te, and{[cl(t.' + T)] is the laplace transform of the output cj(t' + T) with
respect to t!',

Since my(t) = O for t®=T the response of the system does not depend on m(t)

for t>T, but only on the initial conditions at t = T; that is, t! = O,

In general the linear system under study is given by the differential equation

dop el
dtn n-l dtn- * e 0 al dt a°c1 -
(13)
q q-
bgm, ,  m o,
dtq q"l dtQ'l ¢ s o 1 dt o

for real coefficients a5, a3, . . . an-) and by, . . . by, We assume that q g n-l.

For each i we have

dici . dic]
atd a(v )

The initial conditions at t = T are
cl(T) " ¢

ci(T) - c;

) ke

where c,, c;, . e cg-l) are the values of cy, ci. . e e c‘l"l) at t' = 0.

Let Cl(s) denote &[cl(t' + T)] for the time variable t'. By Equation (13)

[s"Cl - an']‘co - 8" - . L. - cg‘]] . an_l[s“'lcl-s”'zco-s"'3c(;-...-cg“2]
(14

)
AR ¢ AI[SCl - °o] +asC; = O



whence

cols"'l*an_la“'z’...*all*cé[a“'z*an_ls“‘3’...*AQ]*...’cS'l
C(s) = —

sl ¢ an_la"‘l * . tas tag

. (15)

We note that G(s) has the same denominator as Cl(a) but that the numerator

of G(s) is
-1
bqﬂq * bq-lsq AP 4 bo .

By Equation (12)
- -2 - - -l
nz(.) - -‘COI.n 1.‘n-1‘n ‘.. o“)] ’co.[!n 2"n_£n 3’0-0’.2]‘0 oo’cg } (16)

bqaq . bq_laq'l * ...ty '

Now c2(t') is the eolution of the differential equation wita initial
conditions
c2(0) = - ¢)(T)
¢2(0) = - ¢)(T)

egll)(o) - -&Un

Since ¢, = O for t'w O the problem is to create the above initial values of
¢, and its derivatives.

If the inverse Laplace transform of both sides of Equation (16) is taken,
then my(t') will be that signal which produces the negative of the response e (t)
for tm=T. Figure 5 shows the response co(t').

1r ci(T) ¥ O the responee c,(t') requires an instantaneous change in velocity

and hence an infinite acceleration of the system output. For a physical system
there is always maes or inertia associated with the output; therefore infinite

acceleration requires infinite force.



SECOND AND THIRD ORDER CASES FCR UNBOUNDED QUENCHING SIGNAL

We consider a second order system with the transfer function

Ky
8 + als * a,

G(s) = (17)

The differential equation describing the system is

2

d“c de

_:!'. + a ——1- + a.c = 0 18
a(t1)? ! o ae

vhere the input is gero since we consider only the response for t'ss QO and
m(t) = O for t'=0,
Taking the laplace transform of both sides of Equation (18) yields

(82 + a38 + 25)Cy(s) ~ (seqy ¢ co * 83c,) = O (19)

vhere c, and °c'> are the initial conditions at t! = O,

Solving Equation (19) for Cy(s) we obtain

cl(a) = Co8 + alco + c:,

(20)
92 + ala + a,

Substituting Cy(s) from Eouation (20) and G(s) from Equation (17) into

Equation (12) and solving for M,(s) we get

My(s) = - —‘-lq [coa + (a3eq * c&)] . (21)

The unit impulse $(t') may be defined by

u(t') - u(t' - a)

6(t') = 1im (22)

a-$0
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where u(t') and u(t' - a) are unit step functions at t' = O and t' = a

respectively. The derivative of a unit impulse is taken as

dp(t") . g4 ult') - 2u(t' -a)+ult'-2a) (23)
dt a-+0 ac

in the sense that the limit of the lLaplace transform of the fraction in
Equation (23) as a=+0 is s. The plot of this fraction versus t' is a double
pulse, three of which are pictured in Figure 7c.

Similarly the second derivative is taken as

2 - - - - -
d” 8(t') . qg4p u(t') - 3u(t' - a) + 3u(t' - 2a) - u(t' - 3a) (24)
dt! a0 a3
where the limit of the laplace transform of the fraction in Ecuation (24) is 82,
The plot of this fraction is a triple pulse.
We shall illustrate the use of the fraction on the right in relation (22),

Consider a simple second order system described by the differential equation
" = kg omy (t') (25)

where the primes denote differentiation with respect to t',
Let C(s) be the Laplace transform of c(t') with respect to the time variable
t' and My(s) be the Laplace transform of my(t'). Taking the Laplace transform of

both sides of Equation (25) and solving for C(s) we obtain

kiMy(s) | scy ¢ co
C(s) = sg 0;27 2 (26)

where ¢ = ¢, and c!' = c; at t' = C,



=]]l-

The approximation to a unit impulse and its derivative is given by

Equations (22) and (23) when a ¥ 0. We let

my(t!) = _wl[u(t') - u(t' - a)] _ w2[u('c') - 2u(t' - a) + u(t! - 2a)] (27)

a al

where W) is the weight of the approximate impulse and W, is the weight of the
approximate derivative.

Taking the Laplace transform of both sides of Equation (27) we get

My(e) = - (gh+ 20}

), (:l . 20y e-a8 W 9-233

25 - 3 . (28)

Substituting My(s) from Equation (28) into Equation (26), taking the inveree

lLaplace transform and collecting ¢ ms we obtain

C(t') - kl:Z‘ - k1W2 - klwlt' + co + °c'>t"

(29)
ct(t!) = c; ~ kW,
We now let a=¢0 in Equations (29). The result is
c(t!) = cy * c;t' - kl(wz . wlt')
(30)
c'(t!) = °3°k1"‘1 .
If c(t') = c'(t') = O for t'»0 we must have
C'
Wy = o
(31)

Letting a=$0 in Equations (29) gives the same result as letting a-e0 in

Equations (22) and (23).
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At t' = 0" we have c = c  and ¢' = co. At t' = 0" we have c = ¢' = 0.
Therefore ¢, and cc', are reduced to zero instantaneously at t' = O for the values
of W) and W, given by Equations (31).

We now take the inverse Laplace transform of both sides of Equation (21)

to obtain

CODELIEE 1 (8 £ls) + (ayeo + cg) §(e1) (32)

where 8(t') is the unit impulse and ‘ta) is the derivative of the unit impulse,
referred to as the "doublet! 6 , 7. The initial condition c, is the weight
associated with the doublet and (ajco * cg) is that of the impulse.

If the system is third order with the transfer function

o (93)
O(s) = 8l uza’f* 4,8 * 4, ?

Ho(s) 1s given by
Ma(s) = - -&; (cooz * (cg * 8g00)8 ¢ (c; + agce * nlcg)] . (34)

The inverse lLaplace transform of both sides of Equation (34) now yields
mp(t') = - }q [cof(s"’) * (e + agc) K(8) + (ch + agey * age,) l(t')] (35)

where (“(32) is the second derivative of the unit impulse and is referred to as
the "triplet". The weights of the triplet, doublet and impulse are c,, (cg*azcy)
and (cg*aco*ayc,) respectively.

It is noted that the weights of the impulse and its derivatives are deter-
mined from the initial conditions at t' = O and the system parameters. The order

of the highest derivative is one less than the order of the system.
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The signal my(t') is not physically realizable due to the appearance of the
impulse and its derivatives whence the error e(t') will not be zero.

Truxal shows that the optimum manner for an ideal system to reach the origin
from some point in the phase plane is as shown in Figure 6. 8. The path begine
at some initial condition c,, cé and goes to infinity then returns along the
¢' ordinate from infinity to the origin. Since the area under the reciprocal plot

of 1/c' versus c is zero, and time in the phase plane is given by
0
t' - de/e' ,

Co
no time is required to reduce c to zero.

The unit impulse may be approximated by considering a pulse of finite height
and short time duration such that the area under the pulse is unity.

Figure 7 a,b and ¢ shows the family of paths in the phase plane, time domain
and the respective quenching signals for a second order system. As the pulses
become higher and of shorter time duration, the time to reach the origin from the
initial condition at t = T decreases.

To introduce the properly weighted pulses the computer must determine c,,
cé, e« « » 8t the instant t = T, In practice we cannot compute the third or higher
order derivatives because of noise present in the system. We can however calculate
the initial conditions from the known test signal and the system equation. Thus
the control time may be computed in terms of the pulse height and the initial

conditions at t = T,
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SYSTuM WITH BOUNDED QUENCHING SIGNAL

The differentlal equation describing the linear system under study will be

taken to be
dle dn-le de_ .
TSR vy o S S S A ()

where imyl =k,. Then the quenching signal m, is bounded. Oldenburger has shown
that under rather general conditions the best return to "equilibrium" is attained

by operating "bang~bang".2. For the problem at hand equilibrium is the normal
state of the system., In every reasonable sense the trajectory is optimum, i.e.
least time to equilibrium, minimum overswing or underswing and minimum area
between the trajectory and the t' axis, etc.

We shall now make use of the control functions for a bang-bang controller to

obtain the control times. The aquenching signal, scheduled according to the control

times, will bring the system to equilibrium.

Example 1: Simpnle Second Order System

We consider the system described by the differential equation

c" = kymp (37)

where the primes denote differentiation with respect to t'. The problem is to
determine the control times in terms of the initial conditions at t' = O,
The optimum control function X for the system of Eouation (37) is given

by .2

Z' c » leler (32)
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The schedule for optimum control is
m, = - (sgn I)k, (39)

where sgn & denotes the sign of £ . Suppose that £ ¥ 0 at t' = 0, The transient
from t' = O to the instant ti where £ = O is the first phase of the solution.
This is followed by a second phase terminating in equilibrium. The duration of
this phase will be dencted by t,.
By Equation (37)
ct = c; + klmzt'
c = co* c;t.' . 51;_‘2_ (£1)2 (10)

)
where ¢ = <, and ¢' = Cq at t' = O,
We substitute ¢' and ¢ from Equations (40) into £ = O to obtain

kym (co *+ kym t')2

where sgn c' denotes the sign of ¢' when L = 0.

Solving for ti from Equation (41) we obtain

v (egn L)co * Viel)? (sgn E)kykocq
k1 k2

(42)

Let ¢y and ci be the values of ¢ and c' at t' = ti. By Equations (40) and

(42) we have

ci = < (sgn :)Vé(cé)z + (sgn t)klkzcl . \43)

The initial conditions for the last phase are c) and c). Letting t" = t'-ti

for the last phase we have

c! = ci’klmzt" . (4 )
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When t" = t; the system is at equilibrium and ¢' = 0. Thus
ty - Ty (45)

Substitution of c, from Equation (43) into Equation (45) yields

o o V()T v (sgn E kgkocy
: ky k2

(46)

Equations (42) and (46) give t.l' and t.:; respectively in terms of the initial
conditions co and °¢'>' It is unlikely that the case where L = 0 at t = T will
occur. This case is taken care of by having t) = O. The times t{ and t) approach
sero as ky becomes arbitrarily large.

Equation (37) is the differential equation of the system after identification.
We let m)(t) be the test signal, to be introduced at t = 0. The differential

equation of the system for t'=0 is

ch =

ky my (47)

where the primes denote differentiation with respect to t.

We wish to express t) and t, in terms of the known test signal and the
identification period T. We let the test signal be an impulse of weight W. Here
m) is not bounded but it is understood that the quenching signal is. The solution
to Equation (47) e

c(t) = kWt
(48)
c'(t) = KW .

At the end of the time interval T the identification is assumed to be
complete and Equation (37) applies. Thus the initial conditiors for Equation
(37) are
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C(T) - Co - klwr

(49)
c'(T) = c; = kW .

Here ¢, and c; are both positive. Hence L > O. We substitute co, and c‘;

into Equations (42) and (4L6) to obtain ti and t) respectively. The control times

' w+V§w2*k2WT

t -
1 k2

' V’}w’z*kzwr

¢t -
k2

are giv. - by

(50)

It is of interest to note that
1 t
ty =ty - Wiy |

Physically one cannot obtain an impulse but must approximate the impulse
by a pulse of finite height and short time duration. Figure B shows an approxi-
mation to an impulse where H is the height and a is the duration. It is assumed
that a=T,

If my is the pulse shown in Figure 8, the initial conditions for Equation

(37) are obtained by solving Equation (47). These initisl conditions are

co = HAkqH(2aT - a?)

' (51)
c, * lea

Substitution of the initial conditions from Equations (51) into Equations
(42) and (L6) yields
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v Ha + V422 + JkH(2aT - a®)
t -
1 o

(52)

v VH2a2 + dgH(2aT - a2)
2 k> *

We define

H = Wa .

Letting a0 while W remains constant Equations (52) reduce to Eocuations (50).

Ir my is a step input of height H and duration T, the control times become

v . BT + V202« depr?

k2

(53)

t! - V§H2T2 + ékzﬂp
2 y

We now have expressions for the control times in terms of the test signal

my, T and k,. We note that the control times for the simple second order system

are independent of the system and are fixed by the test signal. Thus it is

relatively easy to schedule the quenching signal when the test signal is known,

Example 2;: Third Order System

We consider the system described by the differential equation
Tc"l + " - k1m2 (510)

where (m,l 2 k2, T is the time constant of the system and the primes denote

differentiation with respect to t'.
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For the system of Ecuation (54) Oldenburger introduces the two control

functions £ | and & ; where

Zl - w . W_.".E._ - (ggnw)klkﬂ'zlnz{l* 1-[1’(56!1}")

2k k2

oD } (55)

Zz -\Po'ﬂ.ﬂ (56)

2k ko

where
Yecrre . (57)

For disturbances normally encountered the log term of £, is small compared
to the rest of the terms, and can therefore be dropped. 2. We therafore take
£L-%,.

Optimum control is obtained by using Equation (39) and normally involves
three phases, for each of which mp is ks or =kj.

We begin with a set of initial conditions ¢y, c¢g and co and let the system
travel over the first phase to the first switch point where £ = 0. During this
phase Equation (54) becomes

Te" + c" = - (sgnE )klkZ . (58)

The solution to Equation (58) is

c .1.2[03 . (,gnz)klkz](e-i'rt' -1) + ¢ ¢ (ef *+Ted)t

+ (sgnT)Tkykat' = (sgn E)dkyky(t')?

c' = (co *Tecg) * (sgnE )T krko -T[cg + (sgn!)klkgle'*""

- (sgn £ )kjkot'

c" = [cg + (sgn t)klkz]e“’t' - (sgn I)kiko (59)
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vherec-co,c'-céandc"-c;att' = 0. Welet c =c, c' -ciand c"-c']'_
at t' = ti; these values of ¢, ¢' and c" are the initial conditions for the next

phase. At t' = ti we form the function \H where
1
w' - cl + T cl N (60)
Substitution of ¢, ci and c; from Equations (59) into Equation (60) and the
'
equation f’orw yields

Yoo Y] T) - (oan Dg(e])? ¢ (g - T2ch

. , (61)
w - V"- (sgn T )kykoty

where % and %‘ are the values of w and W' at t' = O,
A ! = t), W and it satiafy L= 0. Hence

X

W' t] +T) - (ogn E)dkykalty)? * (eq = T 2c5)

112
o Wt o

2k ky

Solving for t.i from Equation (62) we get

oo mEY YA+ oen Dy
kyk2

. (63)

For the second phase we have
Tc" ¢c" = ¢ (sgnL)kjky . (64)

The initial conditions are ¢), c{ and c; given by Equations (59) at t' = ti.

Letting t" = t'-ti the solution of Equation (64) is
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c = T2 [c; - (sgnt)klkzl (e~#t" -1) + cy * (ci T e "
- (sgn E)T kykot" + (sgnE )dkiko(t" )2

¢! = (cy *ef) - (sgn E£)Tkiko -T[cg - (sgn.t)klk2] et
+ (sgn T)kykot" (65)

c" = [c{ - (=gn l:)klkz] e~ 7t" + (sgn I)kjks

We let ¢ = cp, c' = ¢y, c" = ¢y At t" = t,, lettg and ly“ be the values of
t - ] ' n
Y and Y'at t" = t;. Substituting c,, c, and c, from Equations (65) into \P'

and \K’ , and substituting the result into &£ = 0, we obtain

YWits + T ) + (sgn D)kyka(ty)? + (cg - T %))

) (66)
. (sgnlp') ["‘('+ (sgn :)klk2t5.] - 0
' 2k ko )
Solving for t; from Equation (66) we obtain
. (o DW VI - (sgn DoY)
t, = . (67)

kyk2

We may determine ll,'l and IH' in terms of ¢, °c'>» c; and t,l' by substituting
1, c]'_ and c; from Equations (59) into Equation (60) and the equation for I}I".

For the last phase let t"'= t' - (t+t3). For this phase we have Equation
(58) valid where the initial conditions are now c2, c2' and CS’ obtained from
Equations (65) at t" = tz'. The form of the solution for this phase is given by
Equations (59). At t"' = t3' we have cq * c3' = ¢§ = 0. We may determine t3' by

setting any of the three quantities equal to zero. It is sufficient to write

c; - [cg + (sgn t)klk2] e-¥t (sgnB)igk; = O (68)
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whence "
' = + .—g-
t3 Tiln [1 (sgnk) kika ] . (69)

1l
last of Equations (59) into the last of Equations (65).

We may determine c; in terms of Co» c:), c;, t. and ‘2' by substituting c; from the

Equation (54) is the differential equation of the system after identification.
We let mj(t) be the test signal, to be introduced at t = O. The differential

equation of the system for t'=0 is
Tc™" +c" = kim (70)

where the primes denote differentiation with respect to t.
Let the test signal be an impulse of weight W. The quenching signal mp 1s

still assumed bounded. The solution to Equation (70) is
c(t) = KW(Te ?t +¢ -T)
c'(t) = kyW(l - e~ ¥%) (711)
KW _X¢
c"(t) = T .
( 7—
At the end of the time interval T the identification is assumed to be

complete and Equation (54) applies. The initial conditions for Ecuation (54)

are

(1) = ¢ = kW(Te 3T o1 .T)

c(T) = ¢! = KWl - e #T) (72)

C”(T) - e - 4 ‘-'T



-23-

From Equations (72),\’/0 and lp'o we see that T=>0 at t' = O. Substitution
of ¢, ¢ and c,. from Ecuations (72) into Ecuation (63) yields
o

0 (o)
weV §w2¢k2wr'

t, =

We now substitute c,, cé and cz from Equations (72) into Equations (59) to
obtain ¢, ci and c; and substitute the result into Equation (60) to obtaint,pl
and lpi. Substituting the resulting expressions for Y/ ; and W.l into
Equation (67) we get

t, = -;z [(klti.w) . -J;(w-kztiﬁ + ko[ dka(t])? - w(tivr))‘] : (74)

Substituting cit from the last of Equations (59) ‘nto the last of Equations

(65) and substituting the result into Equation (69) we obtain

t3. - 1'1,\{2 . _l];_z. [(¥ o #T 4 k2)9'+ti - 2k2] o-#t3 } ] (75)

If the impulse is approximated by a pulse of height H and duration a, the

control times become

Ha + V}Hzg? + k2Ha('l’ - }a)'
k2

t

(kot, - Ha) 1 : '
fy - h— o VHaot)?  k, [Ho(e])? - Ha(ejerda)  (76)

t; - Tln{:' + —‘1(—2- [‘He-é‘r(e*. _l)#kz) e"'vti _2k2] e-*té } .

If the test signal is a step of helght H and duration T, the control times

are
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HT + VIH2T2 + i HT?

t, - -
' (kptyHT) 4 'y2 'y2 )]
t, = __#_ . —k—z-‘\/é(u'r_y_ztl) * K, (ékQ(t]_) -HT(tl*,l'I‘)) (77)

} Lo
t' - Tln{2 + -—l— [(H(l,-e-$'r)*k2) e-*tl —2kr\] u-—;;at.. }
k2 2

w

We note that t.i and té are independent of the system constants k) and T

for all three test signals. The first two control times are then constant and
only t3' must be computed after T is identified. The value of ti and t; can be
stored in the computer memory and used to obtain t3' imuediately after identifi-
cation.

Higher order systems were not considered, as the expressions for the control
times become excessively complicated. Also, if the output 1s measured to
determine the initial conditions, derivatives of order higher than the second
are difficult to obtain because of noise present in the system.

For many systems one cannot solve for the control times explicitly. This

is true for a general second order system.

Experimental Results

The results obtained for Example 1 were verified on the analog computer.
Figure 9 shows the actual and theoretical system respcnse to the bounded quenching
signal. The initial conditions on the system at t' = O correspond to the
conditions after identification. The control times were calculated from

Equations (42) and (46). It ia seen that the actusl response is very close to
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the theoretical. A relay was used to obtain the quenching signal. The relay
had a small amount of deadband, which accounts for some of the deviation from
the theoretical response.

We have thus found that it is possible to determine the control times and
obtain proper switching with sufficient accuracy to obtain a trajectory which

is nearly the sam® as the theoretical trajectory.
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